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Reconstructions of the electron dynamics in magnetic field and the geometry of
complex Fermi surfaces.
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The paper considers the semiclassical dynamics of electrons on complex Fermi surfaces in the
presence of strong magnetic fields. The reconstructions of the general topological structure of such
dynamics are accompanied by the appearance of closed extremal trajectories of a special form,
closely related to geometry and topology of the Fermi surface. The study of oscillation phenomena
on such trajectories allows, in particular, to propose a relatively simple method for refining the
parameters of the dispersion relation in metals with complex Fermi surfaces.
I. INTRODUCTION
In this paper, we want to consider some issues related
to the topological structure of dynamical system
p˙ =
e
c
[vgr(p) × B] = e
c
[∇ǫ(p) × B] (I.1)
that determines the semiclassical dynamics of electrons
on the Fermi surface in the presence of an external mag-
netic field. More precisely, we are interested here in the
reconstructions of the topological structure of the system
(I.1) that occur when the direction of the magnetic field
changes, as well as the relationship between the general
picture of such reconstructions and the geometry of the
Fermi surface.
Below we explain in more detail what we mean by the
reconstruction of the topological structure of the system
(I.1), and also give a description of a typical picture of the
reconstructions under consideration for rather complex
Fermi surfaces. Certainly, we will be most interested in
the possibility of experimentally determining the picture
of reconstructions of (I.1) on the angular diagram, as well
as the possibility of using it to refine the geometry of the
Fermi surface (especially in the case of complex surfaces).
As we will see below, both possibilities can actu-
ally be associated with the appearance of special ex-
tremal (closed) trajectories on the Fermi surface near
the boundaries of the reconstructions of (I.1). Moreover,
the boundaries of the reconstructions of the structure of
system (I.1) can be defined as the boundaries at which
trajectories of this type appear and disappear, and the
positions of such trajectories on the Fermi surface can
be effectively used to refine its geometry. An important
role in determining the picture of reconstructions and
in restoring the geometry of the Fermi surface will be
played by special features of oscillation phenomena, and
especially the cyclotron resonance phenomenon on tra-
jectories of this type.
One of the features of the trajectories that we will con-
sider is the presence of (two or more) special points on
them at which the electron velocity along the trajectory
is very small. This property is due to the proximity of
such points to the singular points of the dynamical sys-
tem (I.1), which, as we have already said, is due to the
connection of the trajectories under consideration with a
change in the structure of the dynamical system on the
Fermi surface with a change in the direction of B. The
second important feature of the trajectories of interest
to us is that they represent “extremal” orbits, i.e. tra-
jectories, the circulation period along which or the area
of which have an extremal (minimum) value in compari-
son with trajectories close to them. It is not difficult to
see that such properties of special trajectories make the
study of the associated oscillation phenomena a conve-
nient tool for studying them.
Here, of course, we will not consider in detail the the-
ory of oscillation phenomena in metals (see, for example,
[1–3]). We only note here that the main thing for us in
the corresponding picture of oscillations having a purely
classical (classical cyclotron resonance) or quantum ori-
gin (de Haas - Van Alphen effect, Shubnikov - de Haas ef-
fect) will be that it is given by the sum of a finite number
of oscillation terms (with different periods) correspond-
ing to extremal trajectories on the Fermi surface. The
changes in the topological structure of the system (I.1)
should correspond then to a sharp change in the general
picture of oscillations, consisting in the disappearance
of some oscillation terms in the sum and their replace-
ment with new ones. Thus, we expect the observation
of sharp changes of the described type on some net of
one-dimensional curves (on the angular diagram) corre-
sponding to reconstructions of the topological structure
of the system (I.1).
As for the special position of the trajectories under con-
sideration on the Fermi surface, it is in fact due to the
proximity of such trajectories to the very special singular
trajectories of the dynamical system (I.1). Trajectories of
the latter type can arise only for special directions of B
(defined by the picture of reconstructions of (I.1) at the
angular diagram) and are associated with exact geomet-
ric parameters of the Fermi surface. We will examine the
situation in more detail in just a few paragraphs below.
As is well known, the geometry of the trajectories of the
system (I.1) plays a crucial role in the theory of galvano-
magnetic phenomena in metals in the presence of strong
magnetic fields. In particular, as was first shown in [4],
the behavior of conductivity in strong magnetic fields
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FIG. 1: The intersection of a rather complex periodic surface
in the space of quasimomenta by a family of planes orthogonal
to the magnetic field.
should differ significantly in cases where only closed tra-
jectories of (I.1) present on the Fermi surface and when
open trajectories also appear on it. Further studies of the
behavior of the trajectories of the system (I.1) on vari-
ous Fermi surfaces and effects related to their geometry
were carried out very actively, starting from the middle
of the last century, in particular, a huge role in the forma-
tion and development of this area was played by studies
conducted by I.M. Lifshits school during this period (see
[2, 5–11]). It should also be noted that studies related
to the geometry of trajectories of (I.1) have become the
source of a number of approaches and methods for study-
ing electronic spectra in metals, which have not lost their
relevance at present.
The problem of a complete description of all types of
trajectories of the system (I.1) for an arbitrary periodic
relation ǫ(p) was first set by S.P. Novikov in [12] and in-
tensively studied in his topological school (S.P. Novikov,
A.V. Zorich, S.P. Tsarev, I.A. Dynnikov [12–20]). In
studying the Novikov problem, in particular, new types
of open trajectories ([15, 19]) were found that were pre-
viously unknown for the systems (I.1). Note that since
the system (I.1) conserves the electron energy ǫ(p) and
the projection of the quasimomentum p on the direc-
tion of the magnetic field, the Novikov problem can also
be posed as the problem of describing the geometry of
all possible sections of an arbitrary periodic surface by a
family of parallel planes in p - space (Fig. 1). At present,
a complete classification of various types of trajectories
for arbitrary dispersion relations ǫ(p) is obtained (see
[18–20]), among which the most important are stable
open trajectories of (I.1).
For the description of the galvanomagnetic phenomena
in strong magnetic fields, the angular diagrams for mag-
netoconductivity are usually used, which reflect the ap-
pearance of various types of trajectories (primarily open)
on the Fermi surface for different directions of B . Since
the appearance of various types of trajectories in this
case is directly related to changes in the structure of the
system (I.1), such diagrams are, in fact, closely related
to angular diagrams reflecting changes in the topologi-
cal structure of (I.1), which we will consider below. In
particular, the appearance of trajectories of the type of
interest to us is also associated with the appearance of
open trajectories, so that they always arise when the di-
rections of the magnetic field are close to the directions
of the appearance of open trajectories on the Fermi sur-
face. The appearance of our trajectories in this case is
connected with (infinite) sequences of reconstructions of
trajectories of system (I.1) when open trajectories ap-
pear. As a result of this, the richest structures at the
angular diagrams describing the reconstructions of the
topological structure of the system (I.1) are, in fact, asso-
ciated with open trajectories of (I.1), and such diagrams
are in some sense “attached” to the angular diagrams for
magnetoconductivity in the case of rather complex Fermi
surfaces.
In the most general case, however, the appearance of
trajectories of the type of interest to us may not be re-
lated to the appearance or disappearance of open trajec-
tories, however, it always corresponds to a reconstruction
of the “topological structure” generated by trajectories
of (I.1) on the Fermi surface. Moreover, to describe the
reconstructions of the topological structure of (I.1) it is
enough, in fact, to monitor changes of closed trajectories,
which explains the close connection of the trajectories of
interest to us with such reconstructions. In a sense, one
can say even more, namely, for a sufficiently comprehen-
sive description of the topological structure of the system
(I.1) on a two-dimensional periodic surface, in fact, infor-
mation on the structure of closed trajectories arising on it
is sufficient. The formulated statement can be explained
as follows. The indication of the complete set M of
closed trajectories of the system (I.1) also uniquely deter-
mines its complement on the Fermi surface, consisting of
a finite number of (nonequivalent) connected components
carrying open trajectories of the system (I.1). As follows
from rather deep topological studies (see [13–21]), the
main features of the geometry of open trajectories of (I.1)
are completely determined by the topology of the com-
ponents that support them (more precisely, by the genus
of the corresponding compact manifolds obtained after
factorization by the reciprocal lattice vectors). Thus, the
indication of the complete set of nonequivalent closed tra-
jectories of the system (I.1) on the Fermi surface actually
determines the complete structure of the system (I.1) on
it, that is, allows us to effectively describe all the tra-
jectories arising on it. Below we discuss the statements
made in more detail.
All nonsingular closed trajectories of system (I.1) on
the Fermi surface are combined into a finite number of
(nonequivalent) cylinders of such trajectories having sin-
gular points of system (I.1) on their bases (Fig. 2). For
structures in general position, we can assume that ex-
actly one singular point presents on each of the bases
of the cylinders of closed trajectories of (I.1). A change
3singular closed
trajectories
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B
FIG. 2: The cylinder of closed trajectories of system (I.1)
on the Fermi surface, bounded by singular trajectories on its
bases.
in the structure of the trajectories of the system (I.1) is
always associated with a change in the set of cylinders
of closed trajectories (for example, with rotations of the
direction of B or a change in the Fermi level), i.e. the
disappearance of part (or all) of such cylinders and the
appearance of new ones (or the complete disappearance
of closed trajectories on the Fermi surface). It is not dif-
ficult to see that the disappearance (or appearance) of
a cylinder of closed trajectories must be associated with
the appearance of special singular trajectories of the sys-
tem (I.1) (or “cylinders of zero height”) connecting more
than one singular point of (I.1).
As we have already said, we are primarily interested
here in a change in the structure of the trajectories of
the system (I.1) under rotations of the magnetic field
direction. According to the above, the entire space of
directions of B (that is, the unit sphere S2) can be di-
vided into regions (as well as limit sets of such regions), in
each of which the topological structure of system (I.1) on
the Fermi surface remains unchanged. The boundaries
of these regions are determined by the disappearance (or
appearance) of at least one of the cylinders of closed tra-
jectories, i.e. the presence of at least one “cylinder of zero
height” at the corresponding directions of B . It is easy
to see that near the boundaries of the reconstructions of
the structure of (I.1) we should expect the appearance of
cylinders of closed trajectories of very small height, giving
in the limit “cylinders of zero height” on the Fermi sur-
face. A special feature of closed trajectories on cylinders
of small height is their proximity to singular trajectories
and, in particular, to the critical singular trajectory that
appears at the moment of reconstruction of the struc-
ture of (I.1). As with any cylinder of closed trajectories,
on cylinders of small height up to the moment of recon-
struction, extremal closed trajectories with the minimal
circulation period (or area) among all trajectories of the
cylinder are preserved. It is precisely such trajectories
that we will mainly consider in this paper.
As we will see below, reconstructions of system (I.1)
can have different topology, and the corresponding spe-
cial extremal trajectories can have different geometry.
Here we will list the topological types of reconstruction
of (I.1) and present the corresponding geometric types
of special trajectories. In this paper, we will examine in
more detail one of the simplest types, which occurs, in
reality, in the vast majority of cases for real Fermi sur-
faces. As an example of the use of special trajectories,
we will give here one of the possible methods for partial
restoration of the shape of the Fermi surface using tra-
jectories of this type. In the general case, however, it can
be noted that the above method is not the only possible
one.
In general, we would like to describe here typical pic-
tures of reconstructions of the structure of system (I.1)
on the angular diagram for all directions of B, discuss the
topological types of such reconstructions and the geom-
etry of the corresponding special extremal trajectories,
and discuss special features of oscillation phenomena un-
der structural reconstructions of (I.1), as well as the pos-
sibility of using information about such reconstructions
for the determination of the shape of the Fermi surface.
As an example of describing the complete structure of
the system (I.1) in the presence of open trajectories and
its relationship to closed trajectories, we give in Chapters
2 and 3 a brief description of the topological structure of
system (I.1) on the Fermi surface in the presence of sta-
ble open trajectories of this system. In this situation,
we will mainly be interested in the procedure of crossing
the boundary of the region corresponding to the exis-
tence of stable open trajectories of the system (I.1) on
the Fermi surface, as well as the structure of closed tra-
jectories near its borders. As we will see, in addition to
the above-mentioned features (the existence of sections
with a very low trajectory speed), the closed trajectories
that appear here may have many additional interesting
properties arising from their geometry. Note here that
such regions, as is well known, can only occur for Fermi
surfaces of sufficiently complex shape (open Fermi sur-
faces). In Chapter 3, we will also then consider the gen-
eral structure of diagrams describing reconstructions of
the structure of system (I.1) and their relationship to the
angular diagrams for magnetic conductivity, and discuss
the complexity classes of such diagrams.
In Chapter 4, we will look in more detail at the schemes
of “elementary” reconstructions of the structure of system
(I.1) and discuss the probability of different types of re-
constructions appearing on real Fermi surfaces.
In Chapter 5, we will consider the relationship of the
phenomena we are considering with the general geome-
try of the Fermi surface and, in particular, discuss the
possibilities of using the observation of such phenomena
to study the features of the electron spectrum.
In Chapter 6, we will discuss some features of oscilla-
tion phenomena associated with trajectories of the type
we are interested in, where we will consider in particu-
lar the observation of the phenomenon of cyclotron reso-
4nance on such trajectories.
II. TOPOLOGICAL STRUCTURE OF THE
SYSTEM (I.1) IN THE PRESENCE OF STABLE
OPEN TRAJECTORIES ON THE FERMI
SURFACE
For the purposes of this work, we will need, in partic-
ular, a description of topological structure of the system
(I.1) in the presence of stable open trajectories on the
Fermi surface. Trajectories of this type are stable with
respect to small rotations of the direction of B , and their
presence means in fact that the corresponding direction
of B belongs to some “Stability Zone” in the space of
directions of B (i.e. on the unit sphere S2).
As we have already said, in description of the topolog-
ical structure of dynamical system (I.1), the structure of
the set of closed trajectories arising on the Fermi surface
plays the most important role. Let us illustrate here the
relationship of this structure to the complete structure of
the system in the presence of stable open trajectories on
the Fermi surface.
Using the information about the set M of cylinders
of closed trajectories, we define the following procedure
of simplifying (reducing) the Fermi surface (see [20]) for
a given direction of the magnetic field:
1) Remove all cylinders of closed trajectories from the
Fermi surface (Fig. 3). (The rest of the Fermi surface
contains only singular and open trajectories of the system
(I.1), so its connected components can be called “carriers”
of open trajectories).
2) Glue the resulting holes with flat disks in the p -
space, orthogonal to B. The result of the reduction will
again be a periodic two-dimensional surface in p - space,
now carrying only open trajectories of system (I.1).
The most important property (see [13, 16]) of a reduced
Fermi surface in the presence of stable open trajectories
of the system (I.1) is that all its connected components
in this case are periodically deformed planes having the
same integral direction in p - space (Fig. 4). Thus, all
carriers of open trajectories form a set of parallel period-
ically deformed planes with a common (two-dimensional)
direction generated by two arbitrary reciprocal lattice
vectors. The number of nonequivalent such planes is an
even number, and for Fermi surfaces of a not very large
genus cannot actually exceed two.
In general, the structure of the original Fermi surface
carrying stable open trajectories of system (I.1) can be
schematically represented by the picture shown at Fig.
5. We can see that this structure remains the same for
all rotations of the direction of B until at least one of
the cylinders of closed trajectories connecting the carri-
ers of open trajectories in p - space is destroyed. The
invariance of the topological structure of the system (I.1)
on the Fermi surface means, in particular, the invariance
of homological cycles defined by the circles that “cut” the
Fermi surface into carriers of open trajectories, and the
B
FIG. 3: Removing the cylinder of closed trajectories from
the Fermi surface, followed by gluing the holes with disks
orthogonal to the magnetic field.
FIG. 4: The connected component of the reduced Fermi sur-
face, carrying stable open trajectories of the system (I.1).
invariance of the topology of the carriers of open trajec-
tories, as well as the topological class of embedding of
carriers in the p - space (more precisely, the homological
class of embedding of two-dimensional tori T2 , i.e. carri-
ers factorized by the vectors of the reciprocal lattice, into
the three-dimensional torus T3 , i.e. the compactified
Brillouin zone, defined by the integral two-dimensional
direction of embedding of carriers in the p - space). Fig.
5, of course, is only a schematic representation of the
topological structure of the system (I.1) on the Fermi
surface, and the real picture may look much more com-
plex from a visual point of view. In particular, cylin-
ders of closed trajectories can have a fairly small height
and pass through a large number of Brillouin zones for
structures with large homological classes of embedding
T
2 → T3 .
As can also be seen from Fig. 5, among the cylinders
of closed trajectories on the Fermi surface, “simple” cylin-
ders of closed trajectories can occur, one of the bases of
which is tightened into a single singular point (Fig. 6).
The appearance and disappearance of cylinders of this
type, generally speaking, changes the general topological
structure of the system (I.1) on the Fermi surface. Usu-
ally, however, the presence or absence of such cylinders
does not play a big role in describing the complex geo-
metric properties of trajectories of system (I.1). Here,
too, we are mainly interested only in reconstructions of
the structure of (I.1) with the disappearance or appear-
ance of “non-trivial” cylinders of closed trajectories (Fig.
2).
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FIG. 5: A schematic representation of a complex Fermi sur-
face carrying stable open trajectories of system (I.1).
.
B
FIG. 6: A “simple” cylinder of closed trajectories that has a
singular point of the system (I.1) as one of its bases.
Open trajectories of system (I.1) are defined by inter-
sections of the carriers of open trajectories with planes
orthogonal to B . The described structure of the Fermi
surface allows us to specify the most important proper-
ties of stable open trajectories in p - space. Namely,
1) Each stable open trajectory of system (I.1) in p
- space lies in a straight strip of finite width in some
plane orthogonal to B (Fig. 7), passing through it (see
[13, 14]).
2) All stable open trajectories for a given direction of
B have the same mean direction, given by the intersec-
tion of the plane orthogonal to B , and some (constant
for a given Stability Zone Ω) integral (i.e. generated by
two reciprocal lattice vectors) plane Γ .
The indicated properties of stable open trajectories
play a crucial role in the behavior of the conductivity
of normal metals in sufficiently strong magnetic fields.
In particular, the directions of the integral planes Γα ,
defined for different Stability Zones Ωα , play the role
of integer topological invariants observed in conductivity
in strong magnetic fields ([22, 23]). The corresponding
directions can actually be given by irreducible triples of
integers (M1α,M
2
α,M
3
α) , which can be called topological
numbers observable in the conductivity of normal metals.
The topological representation of the Fermi surface in
the form shown at Fig. 5 is not the only one, in particu-
FIG. 7: The form of a stable open trajectory of system (I.1)
in a plane orthogonal to B.
lar, such representations are different for different Stabil-
ity Zones Ωα . It is easy to see that the specific structure
of representation of the Fermi surface in this form (as well
as the numbers (M1α,M
2
α,M
3
α)) is determined by specify-
ing cylinders of closed trajectories on the Fermi surface.
Thus, we can see that determination of the set M
of cylinders of closed trajectories completely determines
the topology of the system (I.1) on the Fermi surface in
the described situation. Strictly speaking, the complete
description of trajectories of (I.1) also includes the rota-
tion number on two-dimensional tori T2 (or the mean
direction of open trajectories in p - space), which are
not defined just by the topology of division of the Fermi
surface into the described components, but are easily cal-
culated in the described situation for any given direction
of B (B/B ∈ Ωα). As we will show in the next chap-
ter, the appearance of stable open trajectories on the
Fermi surface actually entails the existence of a large set
of directions of B , for which special extremal closed tra-
jectories of interest to us arise.
We note at once that stable open trajectories are not
the only type of open trajectories that can arise on rather
complex Fermi surfaces (see [15, 18, 19]). It can be noted,
however, that in this case too, a change in the structure of
the trajectories of system (I.1) is always associated with
the appearance or disappearance of cylinders of closed
trajectories and, in a sense, the presence of the set M
(or its absence), as well as its structure, determines the
complete topological structure of the system (I.1) on the
Fermi surface. Different questions related to the classifi-
cation of open trajectories of the system (I.1), including
their physical applications, as well as studies of the struc-
ture of unstable open trajectories of various types, can
be found in [24–42]. It is also natural to note that the
set M determines the structure of the system (I.1) on
the Fermi surface also if only closed trajectories appear
on it, since in this case it contains information about all
trajectories of the system (I.1). In any case, any change
in the topological structure of the system (I.1) on the
Fermi surface is always associated with the restructuring
of the set M and, in particular, with the disappearance
or appearance of individual cylinders of closed trajecto-
ries.
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FIG. 8: The disappearance of a cylinder of closed trajectories
on the Fermi surface during the rotation of the direction of
B.
III. RECONSTRUCTIONS OF THE
STRUCTURE OF SYSTEM (I.1) AND THE
APPEARANCE OF SPECIAL CLOSED
TRAJECTORIES ON THE FERMI SURFACE
As we said above, a change in the structure of the
system (I.1) is always associated with the disappearance
or appearance of cylinders of closed trajectories on the
Fermi surface. A scheme of the disappearance (or ap-
pearance) of one of these cylinders is shown at Fig. 8.
It can be seen that with a correctly selected rotation of
the direction of B , the height of the cylinder of closed
trajectories decreases, then vanishes and then a narrow
strip appears in which jumps of the trajectories between
the former bases of the cylinder become possible.
Thus, it can be seen that a change in the topologi-
B
FIG. 9: A cylinder of closed trajectories of small height that
accompanies a change in the topological structure of the sys-
tem (I.1) on the Fermi surface.
cal structure of the system (I.1) is always accompanied
by the appearance of a cylinder of closed trajectories of
very small height, bounded by singular trajectories on
their bases (Fig. 9). The period of rotation along closed
trajectories tends to infinity when approaching the bases
of the cylinder (singular trajectories) and, thus, must
have a minimum on some trajectory inside the cylinder.
The corresponding trajectory is “extremal”, in particu-
lar, when considering the phenomenon of cyclotron res-
onance, since the main oscillating terms in the intensity
of absorption of microwave radiation come precisely from
such trajectories. In this paper, we will be interested in
precisely such trajectories. For convenience, we will call
them special extremal trajectories. Most often (for ex-
ample, for reconstructions near the boundaries of the re-
gions where stable open trajectories appear on Fermi sur-
faces of not too large genus), such cylinders are centrally
symmetric and then, if the extremal trajectory is unique
(only this simplest case will be considered), it also has
a central symmetry. In special cases, however, cylinders
of closed trajectories can also appear in pairs and pass
into each other under transformations of central symme-
try. In this case, both cylinders of closed trajectories and
extremal trajectories on them are not required to possess
central symmetry. As we will see below, the presence of
central symmetry of extremal trajectories provides a par-
ticularly convenient tool for studying the Fermi surface
in the situation under consideration.
The period T of rotation along an extremal trajectory
also tends to infinity (according to the logarithmic law) as
the height h of the cylinder of closed trajectories tends to
zero. The relatively slow growth of T in this case, how-
ever, allows us to maintain the condition T/τ ≪ 1 and,
thus, to observe oscillation phenomena on such trajecto-
ries up to very small deviations of B from the boundary
of the reconstruction of the topological structure of the
system (I.1). It can be seen, therefore, that the study of
oscillation phenomena can serve as a very good tool for
determining the boundaries of the reconstructions of the
topological structure of system (I.1) on the Fermi surface.
An exact study of the boundaries of the reconstructions
of the system (I.1) (at the angular diagram), in turn, can
serve as a good tool for refining the shape of the Fermi
surface and other dispersion relation parameters ǫ(p) for
metals with complex Fermi surfaces.
7FIG. 10: Reconstruction of the extremal trajectory with a
change in the topological structure of the system (I.1) on the
Fermi surface.
The reason for the increase in the period T when the
height of h tends to zero is the presence of points on an
extremal trajectory very close to saddle singular points in
p - space, associated with the reconstruction of this tra-
jectory when changing the structure of the system (I.1)
(Fig. 10). It is near these points that the electron is
delayed for a long time, running through the remaining
sections of the trajectory rather quickly. When observing
the phenomenon of cyclotron resonance, in particular, we
will be interested in a situation where these points cor-
respond to parts of the trajectory lying near the surface
(inside the skin layer) of the sample under study, which,
as we will see, leads to certain special features in the
behavior of the oscillations of absorption of incident ra-
diation.
As we can see, the extremal trajectory exists only un-
til the corresponding cylinder of closed trajectories dis-
appears and breaks up into other trajectories after that.
The resulting trajectories after reconstruction (Fig. 10)
could apriori be both open and closed. As we will see
later, however, whenever a change in the topological
structure of the system (I.1) is associated with the ap-
pearance of open trajectories, it is more complex and
requires, as a rule, an infinite number of reconstructions
presented above.
As we noted above, this circumstance makes it natural
to draw a connection between the angular diagrams de-
scribing the reconstructions of the topological structure
of (I.1) with the angular diagrams describing the behav-
ior of magnetoconductivity in metals in strong magnetic
fields. Traditionally, angular diagrams for magnetocon-
ductivity in conductors describe different conductivity
behavior for different directions of B , due to the appear-
ance of various types of trajectories of the system (I.1) on
the Fermi surface. In a somewhat simplified formulation,
we can say that the main goal of the angular diagram
of magnetoconductivity is to separate the directions of
B , corresponding to the “trivial” behavior of the con-
ductivity (the presence of only closed trajectories on the
Fermi surface), and the directions corresponding to “non-
trivial” behavior (the appearance of open trajectories).
The main thing in the structure of the angular diagram
for conductivity in strong magnetic fields is, therefore,
the indication of areas (on the unit sphere) of the direc-
tions of B , corresponding to the presence of only closed
trajectories on the Fermi surface, as well as a descrip-
tion of the set of directions of B , corresponding to the
appearance of open trajectories of various types. Thus,
the angular diagram for magnetoconductivity in the gen-
eral case contains regions (Stability Zones) corresponding
to the appearance of stable open trajectories of the sys-
tem (I.1) on the Fermi surface, as well as additional sets
(one-dimensional curves or points) corresponding to the
appearance of various types of unstable trajectories.
The angular diagram describing the reconstructions of
the topological structure of the system (I.1) on the Fermi
surface, according to our definition, represents the struc-
ture (a net of one-dimensional directions) of the set of
directions of B corresponding to reconstructions of the
system of cylinders of closed trajectories on the Fermi
surface. It can be seen, however, that such a diagram
should include the structure of diagram for magnetocon-
ductivity as part of its overall structure. The reason for
this, as we already noted above, is that when approaching
the directions of B corresponding to the appearance of
open trajectories, multiple reconstructions of closed tra-
jectories must occur, giving in the limit the appearance
of open trajectories of the system (I.1). As an example,
we can consider the simplest diagrams that arise for a
Fermi surface of the type of “corrugated cylinder” (Fig.
11). It is easy to see that the angular diagram of con-
ductivity represents here the unit sphere with only one
distinguished large circle (the “equator”) corresponding
to the appearance of (unstable) periodic trajectories of
the system (I.1). The angular diagram describing the re-
constructions of the topological structure of the system
(I.1) is more complicated and contains an infinite num-
ber of circles on S2 , concentrating near the equator (Fig.
8B
FIG. 11: Periodic trajectory and the conductivity diagram
for a Fermi surface of the “corrugated cylinder” type.
...
... ...
...
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FIG. 12: An example of reconstruction of the topological
structure of the system (I.1) and the angular diagram describ-
ing the reconstructions of the structure of (I.1) for a “corru-
gated cylinder” type Fermi surface.
12).
In general, the complexity of the angular diagrams de-
scribing the reconstructions of the topological structure
of the system (I.1) can be very different, and, as follows
from the above arguments, their complexity is directly
related to the complexity of the corresponding diagrams
for magnetoconductivity.
It is easy to give examples where both the second and
first diagrams are simply trivial (do not contain any el-
ements), as, for example, for a Fermi surface close to a
sphere. In general, angular diagrams for magnetocon-
ductivity can be divided into several complexity classes
(see, for example, [43]). The simplest ones include nat-
urally trivial diagrams corresponding to Fermi surfaces
that do not allow the appearance of open trajectories at
any direction of B. The angular diagrams describing the
reconstructions of the topological structure of the system
(I.1) are not required to be trivial here, thus, it is easy to
construct examples of the Fermi surfaces on which the re-
constructions of the structure of (I.1) occur, but no open
trajectories appear. The diagrams describing the recon-
structions of the topological structure of the system (I.1)
contain in this case a finite net of one-dimensional direc-
tions of B (on S2) corresponding to the appearance of
the “cylinders of zero height” described above.
The second class of angle diagrams for magnetocon-
ductivity is represented by angular diagrams containing
a net of one-dimensional curves on S2, corresponding to
the appearance of (unstable) periodic open trajectories
on the Fermi surface. As can be seen from the example
presented above, the angular diagrams describing the re-
constructions of the topological structure of the system
(I.1) are in this case more complex and contain an infi-
nite number of one-dimensional curves corresponding to
the appearance of “cylinders of zero height” in the generic
case.
The most complex diagrams for magnetoconductivity
include diagrams containing nontrivial regions of exis-
tence of open trajectories of the system (I.1) (stable open
trajectories). In fact (see [43]), such diagrams can also be
divided into two classes differing in level of complexity.
As we will see below, the angular diagrams describing the
reconstructions of the topological structure of the system
(I.1) are in this case the most complex and have a very
rich structure.
In this paper, we would like, in particular, to provide
a schematic description of the set of all directions of B ,
corresponding to the reconstructions of the system (I.1),
on the angular diagrams of the most general, and, in
particular, quite complex, type (containing at least one
Stability Zone). We will need, among other things, to
give a schematic description of the structure of this set
near the boundary of one fixed Stability Zone Ωα .
For this purpose, let us consider a “not too compli-
cated” case when the Fermi surface has genus 3 and ex-
tends in all three directions in the p - space. To simplify
as much as possible the visual representation of the struc-
ture of such a surface for the direction of B lying in one
of the Stability Zones, one can imagine as an example
the surface shown at Fig. 13. When the directions of
B are close to the vertical, it is easy to visually distin-
guish a pair of non-equivalent carriers of open trajecto-
ries (integral planes), as well as two different cylinders
of closed trajectories that separate these carriers (“thick”
and “thin” cylinders). Cylinders of closed trajectories
have different types (“electron” and “hole”) and both have
central symmetry in the described situation (the Stability
Zone for a surface of genus 3, extending in three direc-
tions). The direction of B lies within the Stability Zone
as long as both cylinders at Fig. 13 contain non-singular
closed trajectories of the system (I.1). The boundary
of the Stability Zone Ωα is determined by the disap-
pearance of nonsingular closed trajectories on one of the
cylinders (in this case, on the “thick” cylinder) shown at
Fig. 8 (that is, the height of the corresponding cylinder
of closed trajectories vanishes).
What can be said about the trajectories of the system
(I.1) for directions of B lying outside the Zone Ωα in
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FIG. 13: A simplified representation of the structure of a
Fermi surface, having a region of existence of stable open
trajectories (a Stability Zone) in the full space of directions
of B (on the sphere S2).
the immediate vicinity of its boundary? One can see, in
reality, that the described structure of the Fermi surface
allows one to give a description of the trajectories of (I.1)
for such directions as well. The reason for this is that,
after crossing the boundary of Ωα , non-singular closed
trajectories remain on the second (“thin”) cylinder sepa-
rating the carriers of open trajectories. As a result, the
Fermi surface can now be represented as a union of pair-
wise “merged” former carriers of open trajectories, sep-
arated by cylinders of closed trajectories remaining on
the “thin” cylinders. In such a situation, the system still
retains the memory of the integral plane Γα , associated
with the Zone Ωα , which continues to play a significant
role in the description of the trajectories of system (I.1)
on the Fermi surface.
It is natural to divide the nonsingular trajectories aris-
ing for the directions of B near the boundary of the Zone
Ωα into the trajectories lying on the “thin” cylinder and
the trajectories, lying on a pair of “merged” carriers of
open trajectories. It can be seen that the latter are ei-
ther closed (if the plane orthogonal to B intersects Γα
in an irrational direction), or can be periodic (if the plane
orthogonal to B intersects Γα in an integer direction in
p - space). Both situations are shown schematically at
Fig. 14, which shows the division of a pair of former
carriers of open trajectories into cylinders of the formed
closed trajectories (upper picture), or into cylinders of
closed trajectories and layers of periodic trajectories in
p - space (bottom picture). As one can see, in the first
case, exactly three nonequivalent cylinders of closed tra-
jectories appear on a pair of former carriers, and in the
second case - exactly one cylinder of closed trajectories
(and two nonequivalent layers of periodic trajectories -
one on the “upper” and one on the “lower” carrier). It
can be seen, therefore, that in the situation under con-
sideration, each of the cylinders of closed trajectories can
only go into itself under the transformation p → −p
and, therefore, possess central symmetry. As we have
already said, extremal closed trajectories with such sym-
metry will be of particular interest to us in studying the
Fermi surface.
It should be said right away that the appearance of pe-
riodic trajectories near the boundary of Ωα occurs only
for non-generic directions of B (the intersection of the
plane orthogonal to B and Γα represents a reciprocal
FIG. 14: A pair of former carriers of open trajectories (peri-
odically deformed integral planes) carrying either closed tra-
jectories or closed and periodic trajectories after crossing the
boundary of Ωα . The circles indicate the places where the
trajectory jumps from the “upper” carrier to the “lower” and
vice versa.
lattice vector). It is easy to show that the corresponding
directions of B form an infinite set of segments adjacent
to the boundary of Ωα , the length of which decreases
rapidly with increasing module of the corresponding in-
teger vector in p - space. For integer vectors of a small
module, the corresponding segments can reach another
Stability Zone and have no endpoints. Such segments are,
in fact, extensions of segments passing through the en-
tire Stability Zone and corresponding to the appearance
of periodic trajectories on the Fermi surface (Fig. 15).
(We note here that sometimes in the literature one can
find the statement that open trajectories on the Fermi
surface become periodic if the plane orthogonal to B
contains an integer (rational) direction. Such a state-
ment, generally speaking, is false. To formulate a more
correct statement, we must first note that if we consider
a change in stable open trajectories, then the direction
of B belongs to some Stability Zone Ωα correspond-
ing to a certain integral plane Γα . In this case, stable
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FIG. 15: Stability Zones and special segments correspond-
ing to the appearance of periodic trajectories on the Fermi
surface.
open trajectories become periodic if and only if the in-
tersection of the plane orthogonal to B and the plane
Γα has a rational (integer) direction, i.e. if the plane
orthogonal to B contains an integer direction that also
belongs to the corresponding plane Γα . It can be seen,
therefore, that the appearance of periodic open trajecto-
ries among stable open trajectories is directly related to
the structure of the system (I.1) described above and, in
fact, is closely connected with the topological numbers
(Mα1 ,M
α
2 ,M
α
3 )).
The length of the arising closed trajectories is inversely
proportional to the probability of “hopping” of the tra-
jectory from one carrier to another and the smaller the
farther the direction of B from the boundary of the Zone
Ωα . In the immediate vicinity of the boundary of Ωα for
generic directions of B the length of the corresponding
cylinders of closed trajectories is very long (see Fig. 16)
and goes to infinity on the border itself. Closed trajec-
tories arising on such cylinders also have a rather large
length and a somewhat specific shape (Fig. 17) when
approaching the boundary Ωα . In particular, in the im-
mediate vicinity of the boundary of Ωα , the condition
T/τ ≪ 1 must be violated and the corresponding long
closed trajectories become indistinguishable from open
from an experimental point of view. As one of the con-
sequences of this, the behavior of conductivity in strong
magnetic fields for the corresponding directions of B also
becomes quite complicated and may not be described by
simple asymptotic formulas even for fairly large values of
B (see e.g. [44]). As indicated in [45], to determine the
exact mathematical boundaries of the Stability Zones, it
might be better to actually use observations of oscillation
phenomena in strong magnetic fields that track the recon-
structions of the topological structure of the system (I.1)
at the boundaries of Ωα (the disappearance of a cylinder
of “short” closed trajectories), which we consider here. It
can be noted that during the experimental observation of
oscillation phenomena in this situation, it is specific that
one of the oscillating terms disappears when crossing the
boundary of the Stability Zone from the inside without
other oscillating terms appearing immediately due to the
large length of new closed trajectories near the boundary
of Ωα . When moving away from the boundary of Ωα ,
the lengths of the corresponding trajectories, however,
B
FIG. 16: Cylinders of closed trajectories arising on a pair of
former carriers of open trajectories after crossing the bound-
ary of a Stability Zone at an angular diagram.
FIG. 17: Long closed trajectories arising on a pair of former
carriers of open trajectories in the immediate vicinity of the
boundary of a Stability Zone.
decrease rather quickly, and the trajectories themselves
take on a “normal” shape. As a consequence of this, in
the oscillation picture, it also becomes possible to observe
the oscillation terms corresponding to the new cylinders
of closed trajectories.
A somewhat different situation is observed if we ap-
proach (or move away) the boundary of a Zone Ωα along
one of the adjacent segments corresponding to the ap-
pearance of periodic trajectories. In this case, as can be
seen (Fig. 14, lower picture), the length of the cylin-
der of closed trajectories remains unchanged when mov-
ing along a given segment. However, its height increases
rapidly (and the width of the layers of periodic trajecto-
ries decreases) with distance from the boundary of Ωα ,
which is associated with an increase in the probability
of hopping between former carriers of open trajectories
(diameter of circles at Fig. 14). It can also be noted
here that in this case the cylinders of closed trajectories
are not generic, since they contain two singular points on
each of their bases. The corresponding topological struc-
ture of the system (I.1) is also, therefore, not a generic
structure and arises only for a set of measure zero at the
angular diagram. At the end point of the segment, the
width of the layers of periodic trajectories vanishes and
the former carriers of open trajectories completely dis-
integrate into cylinders of closed trajectories (Fig. 14,
upper picture). The corresponding reconstruction of the
topological structure of (I.1) should also be attributed
to non-generic reconstructions observed only at isolated
points (and not along one-dimensional curves) at the an-
gular diagram.
Here, of course, it should be noted that the boundaries
of the Stability Zones Ωα (as well as the special seg-
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FIG. 18: The net of directions of B , corresponding to the
reconstructions of the structure of the system (I.1) near the
boundary of a Stability Zone Ωα (very schematically).
ments adjoining them) are completely special sets from
the point of view of our definition of a change of the struc-
ture of system (I.1) on the Fermi surface. On the one
hand, as we have already seen, the boundary of a Zone
Ωα itself is determined by the described reconstruction
with the disappearance of a cylinder of closed trajecto-
ries. When approaching the boundary of Ωα from in-
side the topological structure of the system (I.1) does
not change. When approaching the boundary of Ωα
from the outside, however, there is an infinite number
of reconstructions of the system (I.1) on the Fermi sur-
face, so we can not say which structure has (I.1) near the
boundary of Ωα . A similar pattern is also observed when
approaching special segments (outside the Zone Ωα ) cor-
responding to the appearance of periodic trajectories on
the Fermi surface.
The reconstructions of cylinders of closed trajecto-
ries on the former carriers of open trajectories represent
changes in the topological structure of the system (I.1)
on the Fermi surface and are always accompanied by the
disappearance (and the appearance of new ones) of such
cylinders. Such reconstructions occur on certain lines at
the angular diagram (see [46]), whose density tends to
infinity when approaching the boundary of a Zone Ωα ,
as well as the special segments corresponding to the ap-
pearance of periodic trajectories. When moving away
from the boundary of the Zone Ωα , as well as the spe-
cial segments described above, the density of the “net” of
directions of B corresponding to the reconstructions of
the structure of (I.1) is decreasing. Very schematically,
the net of directions of B , corresponding to the recon-
structions of the structure of (I.1) near the boundary of
Ωα , can be represented by Fig. 18.
The given situation (the ability to describe the trajec-
tories of the system (I.1)) persists until closed trajecto-
ries disappear on the second (“thin”) cylinder connecting
pairs of former carriers of open trajectories (Fig. 13). It
can be seen, therefore, that along with the “first” bound-
ary of a Stability Zone Ωα it is to some extent natural
to introduce its second boundary (see [46]), which de-
fines the “area of influence” Σα of the Zone Ωα at the
Ωα
Σα
B
a
FIG. 19: The first and second boundaries of a Stability Zone
on the angular diagram.
FIG. 20: Typical structure of the section of the second bound-
ary of a Stability Zone Ωα on the angular diagram (schemat-
ically).
angular diagram (Fig. 19). The domain Ω′α = Σα\Ωα
can naturally be called the derivative of the Zone Ωα ,
since the structure of the system (I.1) for the correspond-
ing directions of B is directly related to the structure of
this system in the Zone Ωα . Unlike the Stability Zones
Ωα themselves, the derivatives of two different Stability
Zones Ω′α , Ω
′
β may intersect with each other. In addi-
tion, unlike the first boundaries of the Stability Zones,
the second boundaries are not such a complex set from
the point of view of reconstructions of the structure of
system (I.1) and everywhere, with the exception of only
a finite number of points, are described by a simple (el-
ementary) reconstruction of this structure. The only ex-
ceptions are certain points of the second boundary (Fig.
20), where it can be crossed by the segments that corre-
spond to the appearance of periodic trajectories, as well
as other Stability Zones (see [43]).
One can see, therefore, that the set of directions of B ,
corresponding to reconstructions of the topological struc-
ture of the system (I.1), is rather rich for fairly complex
Fermi surfaces. So, the presence of only one Stability
Zone on the angular diagram entails in fact the existence
of a rather complex net of one-dimensional curves on S2 ,
corresponding to changes in the set M with the height
of one of the cylinders of closed trajectories turning to
zero. First of all, it is interesting to study here the os-
cillation phenomena at the first and second boundaries
of the Zone Ωα , which actually help to determine their
exact location. No less interesting for studying the Fermi
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FIG. 21: The set (net) of experimentally observed directions
of B near the boundary of a Stability Zone corresponding to
reconstructions of the structure of system (I.1) on the Fermi
surface (schematically).
surface, however, is also the net of directions of B be-
tween the first and second boundaries of the Stability
Zone, which is associated with the reconstructions of the
structure of system (I.1) on the former carriers of open
trajectories. As mentioned above, to study the features
of oscillation phenomena that are interesting to us, the
corresponding directions of B should not approach too
close to the first boundary of the Zone Ωα or the adja-
cent segments corresponding to the appearance of peri-
odic trajectories on the Fermi surface. From the point
of view of modern experimental capabilities (for produc-
ing strong magnetic fields and materials with big electron
mean free path), however, these restrictions are not really
too strong and leave a significant part of this structure
available for study (Fig. 21).
It can also be noted here that the described structure
of the regions Ωα and Σα is, in a sense, the simplest. For
example, there may be cases when the first and second
boundaries of a Zone Ωα are “composite”, and the corre-
sponding region Ω′α is not connected (see e.g. Fig. 22).
In addition, surfaces of a large genus can have a larger
number of cylinders separating carriers of open trajecto-
ries (and even a larger number of pairs of carriers of open
trajectories). Nevertheless, all the above remarks related
to the topological structure of the trajectories near the
Stability Zones are retained for more complex cases (see,
for example, [46]) and, in particular, an increase in the
number of Stability Zones at the angular diagram leads
in general case to rapid increase in the set of directions
of B , corresponding to reconstructions of the topological
structure of system (I.1) on the Fermi surface.
Thus, for conductivity diagrams, the complexity of
which is limited by the presence of Stability Zones (and
segments corresponding to the appearance of periodic
trajectories), the set of directions of B corresponding
to reconstructions of the topological structure of (I.1) al-
Ωα
Σα
B
FIG. 22: An example of a model Fermi surface having a Sta-
bility Zone with composite first and second boundaries.
ways includes the boundaries of the Stability Zones, as
well as a rather rich “net” of one-dimensional directions
of B in the space between the Zones. The indicated net
of one-dimensional directions of B on S2 unlimitedly
condenses near the boundaries of the Stability Zones, as
well as the segments adjacent to them, corresponding to
the appearance of periodic trajectories on Fermi surface.
Observation of oscillatory phenomena corresponding to
the reconstructions of the structure of (I.1) is possible on
this net of directions with not too close approach to the
boundaries of the Stability Zones or adjacent segments,
as well as at the boundaries of the Zones Ωα when ap-
proaching them from the inside.
The sets of the directions of B described above are
directly connected with the Stability Zones and, in par-
ticular, are associated with reconstructions of the struc-
ture of (I.1) on the former carriers of open trajectories.
At the same time, additional reconstructions of the struc-
ture of system (I.1) that are not related to carriers of open
trajectories (occurring on other parts of the Fermi sur-
face) and, therefore, not related to these reconstructions,
can occur on Fermi surfaces of a sufficiently large genus.
The corresponding structure is not connected with the
above structure and the corresponding nets of directions
of B in this case “overlap” the sets of directions described
above, in particular, they can lie inside the Zones Ωα and
intersect with their boundaries.
As follows from the consideration of the general com-
plexity classes of angular diagrams of magnetoconductiv-
ity in metals (see [43]), angular diagrams corresponding
to the appearance of only stable and periodic trajecto-
ries on the Fermi surface (complex diagrams of type A)
represent a separate class of complex angular diagrams.
As follows from general considerations, the appearance
of complex diagrams of type A is apparently much more
likely than the appearance of complex diagrams of the
other class (complex diagrams of type B) even for con-
ductors with very complex Fermi surfaces. Diagrams of
type A contain in generic case a finite number of Stability
Zones and the above picture of the set of directions of B
corresponding to the reconstructions of the structure of
system (I.1) on the Fermi surface is common to diagrams
of this type.
Complex diagrams of the second type (type B) can
be defined as diagrams containing directions of B cor-
responding to the appearance of more complex (chaotic)
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FIG. 23: Diagrams of type A (above) and B (below). The
letters e and h denote the regions of electron and hole Hall
conductivity in the absence of open trajectories on the Fermi
surface. (Very schematically, only the Stability Zones and
directions of B , corresponding to the appearance of “chaotic”
trajectories on the Fermi surface are shown).
unstable trajectories on the Fermi surface. In fact, as
follows from the general consideration (see [43, 46]), dia-
grams of this type contain, in addition, an infinite num-
ber of Stability Zones in the generic case, and also dif-
fer from diagrams of type A by special behavior of Hall
conductivity (alternating areas of electron and hole con-
ductivity) in areas corresponding to the presence of only
closed trajectories on the Fermi surface (Fig. 23).
Thus, for the most complex Fermi surfaces (namely,
surfaces on which trajectories that are more complex
than stable and periodic open trajectories can appear),
the structure of the set of directions of B that corre-
spond to reconstructions of the topological structure of
the system (I.1) will be especially rich. In particular, the
conductivity angular diagrams for such Fermi surfaces
contain, in the generic case, an infinite number of Stabil-
ity Zones that have condensation points corresponding to
the special directions of B , connected with the appear-
ance of especially complex (chaotic) trajectories on the
Fermi surface. Near such directions of B , the structure
of the indicated set (as well as the structure of the sys-
tem (I.1) on the Fermi surface) becomes especially com-
plicated. As in the case of approaching the boundaries
of the Stability Zones Ωα , approaching the special direc-
tions of B , corresponding to the appearance of chaotic
trajectories, requires an infinite number of “elementary
acts” of reconstruction of the structure of system (I.1).
For the rest, as regards the general features of the set of
directions of B , corresponding to changes in the topo-
logical structure of (I.1), their description here contains
the same basic details as for diagrams of type A.
IV. ELEMENTARY RECONSTRUCTIONS OF
THE STRUCTURE OF SYSTEM (I.1) AND THE
APPEARANCE OF SPECIAL CLOSED
TRAJECTORIES ON THE FERMI SURFACE.
Based on the above picture, we can see that, in addi-
tion to the boundaries of the Stability Zones Ωα , avail-
able to experimental study reconstructions of the struc-
ture of the system (I.1) occur either in areas that corre-
spond to the presence of only closed trajectories on the
Fermi surface, or also inside the Stability Zones, without
being associated with the appearance or disappearance
of open trajectories. Such reconstructions can be called
“elementary” and correspond to the disappearance (ap-
pearance) of cylinders of closed trajectories on both sides
of the curve (on S2) that separates two different struc-
tures of the system (I.1). Oscillation phenomena that
indicate the corresponding reconstruction of the struc-
ture of (I.1) must be observed on both sides of such a
curve, so we must record the change of some oscillation
terms by others at its intersection. In this chapter, we
will look in more detail at the types of elementary recon-
structions of the structure of system (I.1) and discuss the
probability of their occurrence on real Fermi surfaces.
As we mentioned above, the bases of the cylinders of
closed trajectories contain a saddle singular point of the
system (I.1) and can take one of the forms shown at Fig.
24. At the time of the reconstruction of the topological
structure of system (I.1), we must observe the appear-
ance of a “cylinder of zero height”, which represents ac-
tually two singular points connected by a set of singular
trajectories.
Apparently, the most frequent type of the reconstruc-
tion of the structure of (I.1) is the reconstruction shown
at Fig. 25. Fig. 26 represents the main components of
the disappearing and appearing cylinders of closed tra-
jectories (namely, their upper and lower bases, as well as
the extremal trajectories arising on them), and the struc-
ture of the “cylinder of zero height” arising at the time of
reconstruction. It is easy to see that the reconstruction
shown at Fig. 25, leads to the disappearance of exactly
one cylinder of closed trajectories and the appearance of
exactly one new cylinder.
In the general case, for generic reconstructions, the cor-
responding “cylinder of zero height” contains exactly two
singular points of the system (I.1) connected by singular
trajectories (we will not consider here special “degener-
ate” cases with a larger number of singular points). We
will consider both singular points on a “cylinder of zero
height” to be non-degenerate (which corresponds to the
non-zero value of the Gaussian curvature at the corre-
sponding points on the Fermi surface), in particular, this
means that exactly two singular trajectories of the sys-
tem (I.1) enter and exit each such point. For elementary
reconstructions of the structure of (I.1), all singular tra-
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FIG. 24: Possible forms of bases of “nontrivial” cylinders of
closed trajectories (in a plane orthogonal to B).
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FIG. 25: The main type of “elementary” reconstruction of the
structure of (I.1) (only the part of the Fermi surface on which
the reconstruction takes place is shown).
jectories that exit from a pair of such points must also
end at these points.
For Fermi surfaces of “moderate complexity” all the el-
ements involved in the reconstruction shown at Fig. 25
have central symmetry. In particular, it is present in
extremal trajectories arising on the disappearing and ap-
pearing cylinders of closed trajectories. As a relatively
simple consideration of Fermi surfaces of the most vari-
a)
b)
c)
d)
e)
f)
g)
FIG. 26: The main elements involved in the reconstruction of
the structure of system (I.1), shown at Fig. 25. The lower and
upper bases of the disappearing cylinder of closed trajectories
and the extremal trajectory arising on it (a-c). The lower and
upper bases of the appearing cylinder of closed trajectories
and the extremal trajectory arising on it (d-f). The “cylinder
of zero height” that appears at the moment of reconstruction
(g).
ous types shows, the type of “elementary” reconstruction
shown at Fig. 25 - 26, takes place, in fact, in the vast
majority of cases for real Fermi surfaces.
The topological type of reconstruction shown at Fig.
25 - 26, however, is not the only possible one. Fig. 27 and
28 show another type of reconstruction, different from the
one shown at Fig. 25 and 26.
Here one can immediately note one important differ-
ence between the types of reconstruction shown at Fig.
25 - 26 and 27 - 28. Namely, the reconstruction shown
at Fig. 25 - 26, can possess central symmetry and thus
occur just on one part of the Fermi surface. As for the
reconstruction shown at Fig. 27 - 28, it obviously can-
not have a central symmetry and can thus only occur
together with a similar reconstruction on another part of
the Fermi surface that passes into this one under the cen-
tral symmetry transformation. It can be seen, therefore,
that for the reconstructions shown at Fig. 27 - 28, the
corresponding Fermi surface must have rather significant
complexity (have a sufficiently large genus) even among
traditionally complex examples of Fermi surfaces.
In general, to enumerate the various topological types
of “elementary” reconstructions of the structure of system
(I.1) on the Fermi surface, it is actually enough to fix the
topological structure of the “cylinder of zero height” in
the plane orthogonal to B and also indicate ways for
splitting both saddle singular points with parallel dis-
placement of this plane, for example, “up” (along the di-
rection of the magnetic field). Fig. 29 shows possible
schemes of such a description for the “cylinder of zero
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FIG. 27: An example of the reconstruction of the structure
of system (I.1) on a part of the Fermi surface.
height”, corresponding to the examples shown at Fig. 25
- 26 and 27 - 28.
We note here that the direction of the arrows at Fig.
29 is somewhat arbitrary and should be reversed when
replacing B → −B . If we are only interested in chang-
ing the topology of the carriers of the trajectories on the
indicated part of the Fermi surface, we can, in reality,
not indicate these directions. Each of the schemes (a-
d) shown at Fig. 29 fixes the structure of gluing to the
“cylinder of zero height” other cylinders of closed trajec-
tories “from above”. With a parallel shift of the plane
orthogonal to B “down” (against the direction of B),
the way of splitting each of the singular points changes
to the opposite ((a) ↔ (b) , (c) ↔ (d)), which also fixes
the structure of gluing to the “cylinder of zero height”
other cylinders of closed trajectories “from below”.
In addition to fixing the structure of gluing to the
“cylinder of zero height” of other cylinders of closed tra-
jectories at the moment of reconstruction, the specified
scheme of splitting singular points also defines the struc-
ture of the system (I.1) before and after it. Indeed, the
reconstruction of the structure of (I.1) occurs at small ro-
tations of the magnetic field direction, which entail corre-
sponding rotations of the plane orthogonal to B . Those
rotations of B , at which the singular points remain in
this plane, correspond to the motion along the curve of
the reconstruction of the structure of (I.1), and the rota-
tions at which the singular points cannot simultaneously
remain in the same plane, orthogonal to B , correspond
to the crossing this curve at the angular diagram. To
monitor the reconstruction of the structure of (I.1), one
can observe the rotation of the plane orthogonal to B
and containing some fixed point on the interval between
two singular points. It is easy to see that during rota-
a)
b)
c)
g)
f)
e)
d)
FIG. 28: The main elements involved in the reconstruction of
the structure of system (I.1), shown at Fig. 27. The lower and
upper bases of the disappearing cylinder of closed trajectories
and the extremal trajectory arising on it (a-c). The lower and
upper bases of the appearing cylinder of closed trajectories
and the extremal trajectory arising on it (d-f). The “cylinder
of zero height” that appears at the moment of reconstruction
(g).
tions corresponding to a reconstruction of the structure
of (I.1), such a plane goes upward near one of the singu-
lar points and downward near the other, and the rules for
splitting the singular points in the rotating plane must
comply with the rules specified initially. Then displacing
the rotated plane parallel to itself and using the same
fixed rules for reconstruction of trajectories as it passes
through singular points, it is easy to restore the shape of
the appearing (or disappearing) cylinders of closed tra-
jectories of small height, as well as the structure of gluing
to them other cylinders of closed trajectories before or af-
ter the reconstruction.
It can also be noted here that the terms “disappearing”
and “appearing” structures are also arbitrary to some ex-
tent and depend on the direction of rotation of the mag-
netic field. Actually, it is more correct to speak of two
different structures of the system (I.1) adjacent to each
other along a line of reconstruction at the angular dia-
gram. From this point of view, in particular, it can be
seen, as above, that replacing the splitting rules at once
for both singular points in the above-described scheme
does not essentially change the topological type of recon-
struction taking place on a fixed curve. One can therefore
also say that to describe the topological types of recon-
structions of the structure of system (I.1), it suffices to
list the topological structures of the corresponding “cylin-
ders of zero height” in the plane orthogonal to B and
indicate for each cylinder, whether the directions of the
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FIG. 29: “Cylinder of zero height”, corresponding to the exam-
ples shown at Fig. 25 - 26 and 27 - 28, and possible options
for splitting singular points with a parallel shift of the cor-
responding plane, orthogonal to B , in the direction of the
magnetic field.
group velocity at singular points are co-directional or op-
posite to each other.
So, in particular, from this point of view, diagrams
(a) and (b) at Fig. 29 correspond to the same topolog-
ical type of reconstruction shown at Fig. 25 - 26, and
diagrams (c) and (d) are of the topological type shown
at Fig. 27 - 28. Fig. 30 presents all different types
of “cylinders of zero height”, which can arise in elemen-
tary reconstructions of the structure of the system (I.1)
on the Fermi surface. At Fig. 31 - 40 one can see the
corresponding changes in the topological structure of the
system (I.1) for different orientations of the group veloc-
ity at saddle singular points for cases other than those
presented at Fig. 25 - 26 and 27 - 28.
Among the presented topological types of reconstruc-
tions of the structure of system (I.1) we can immediately
distinguish cases of possible central symmetry of the cor-
responding section of the Fermi surface. It is easy to
see that the presented sections of the Fermi surface can-
not possess central symmetry if it is not possessed by
FIG. 30: Different types of “cylinders of zero height” arising
at the moment of elementary reconstruction of the topological
structure of the system (I.1) on the Fermi surface.
the corresponding “cylinders of zero height”. In addition,
central symmetry cannot be observed also in those cases
when the group velocities at the singular points on the
“cylinder of zero height” are co-directed with each other.
All the corresponding types of reconstructions of the sys-
tem (I.1) can, therefore, arise only in pairs on the Fermi
surface, which, in turn, requires its sufficient complexity.
It can be stated, therefore, that of the types of recon-
struction presented at Fig. 31 - 40, only the reconstruc-
tions shown at Fig. 33 and 39 can have central symmetry.
It is easy to see at the same time that the reconstruction
shown at Fig. 39 leads to the disappearance of a pair of
cylinders of closed trajectories and the appearance of a
pair of new cylinders, which, in turn, also requires suffi-
cient complexity of the Fermi surface.
To all of the above, we can add one more remark about
the complete structure of the set of directions of B , cor-
responding to the reconstructions of the structure of sys-
tem (I.1). Namely, consider some structure of the system
(I.1) on the Fermi surface containing a certain number
of cylinders of closed trajectories. Then for each of the
cylinders of closed trajectories it is possible to determine
the region in the space of directions of B (on the sphere
S
2) corresponding to the conservation of this cylinder
(Fig. 41). The boundary of this region represents a
(generally piecewise smooth) curve, at the intersection
of which the selected cylinder disappears. The net of di-
rections of B we consider (including the boundaries of
the Stability Zones) is the union of all the boundaries of
the regions introduced in this way (for all different struc-
tures of (I.1) on the Fermi surface) intersecting with each
other.
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FIG. 31: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
V. ON THE CONNECTION OF THE DIAGRAM
OF RECONSTRUCTIONS OF THE STRUCTURE
OF (I.1) WITH THE GEOMETRY OF THE
FERMI SURFACE.
Here we briefly describe how the picture of reconstruc-
tions of the structure of system (I.1) on the angular di-
agram and the observation of oscillation phenomena on
special extremal trajectories can be used to reconstruct
the geometry of the Fermi surface. As we have already
said, the main feature of the special extremal trajectories
B1
B2
a) d)
b) e)
g)
c) f)
FIG. 32: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
is their very close approximation to singular trajectories
for the directions of B close to directions of the recon-
struction of the structure of (I.1). The limit of each of
the special extremal trajectories is a part (or the whole
cylinder) of a “cylinder of zero height”, representing two
singular points connected by singular trajectories. Let us
connect the corresponding singular points of (I.1) with a
vector (segment) ξp lying in the plane orthogonal to B
(see e.g. Fig. 42).
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FIG. 33: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
As we saw above, the set of directions of B , cor-
responding to reconstructions of the structure of sys-
tem (I.1) on the Fermi surface, is in the general case
a union (generally speaking, of an infinite number) of
one-dimensional curves on the unit sphere. It is easy
to see that small rotations of B along the direction of
ξp correspond to linear variations in the height of the
B2
B1
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g)
c) f)
FIG. 34: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
corresponding cylinder of closed trajectories, while the
rotations of B in the direction orthogonal to ξp do not
change the height of the cylinder in the linear approxi-
mation. One can see, therefore, that the tangent to the
arc on S2 , corresponding to a reconstruction of the topo-
logical structure of (I.1), is always orthogonal to the cor-
responding vector ξp defined above. In other words, for
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FIG. 35: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
a direction of B lying on an arc γ , corresponding to the
disappearance of a certain cylinder of closed trajectories
on the Fermi surface, the corresponding vector ξp(p) in
p - space is parallel to the vector B×s(B) , where s(B)
is the tangent vector to the arc γ on S2 (Fig. 43).
When the direction of B moves along the curve of the
change of the structure of system (I.1), the beginning
B1
B2
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e)b)
f)c)
g)
FIG. 36: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
and end of the vector ξp move along one-dimensional
curves γˆ1,2 in the p - space, and at each point of these
curves the vector ξp is tangent to the Fermi surface. The
direction of the normal to the Fermi surface (i.e., vgr(p))
coincides at these points with the corresponding direction
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FIG. 37: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
of B and we can also say that the Gauss map
SF → S2
maps the curves γˆ1 and γˆ2 to the curve γ and the
diametrically opposite curve on S2 .
Unlike trajectories of the system (I.1), the curves γˆ1,2
are not, generally speaking, plane curves in the p - space.
B1
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FIG. 38: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
If the “disappearing” cylinder of closed trajectories cor-
responding to the arc γ has central symmetry, then the
center of the segment ξp remains motionless when the
direction of B moves along γ and coincides with one
of the centers of symmetry of the Fermi surface in p -
space. We can see that in this case the exact knowledge
of the shape of the curve γ (for example, the first or sec-
ond boundary of a Stability Zone), as well as the length
of the vector ξp for each of the points of γ , allows us to
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FIG. 39: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of a
pair of disappearing cylinders of closed trajectories and a pair
of extremal trajectories arising on them (a-c). The lower and
upper bases of a pair of appearing cylinders of closed trajecto-
ries and a pair of extremal trajectories arising on them (d-f).
The “cylinder of zero height” that appears at the moment of
reconstruction (g).
restore two “infinitely narrow bands” on the Fermi sur-
face corresponding to the movement of the end points of
the segment ξp (Fig. 44). (We note here that the inte-
rior points of ξp can intersect the Fermi surface in this
situation).
One can see, therefore, that on the arcs γ , correspond-
ing to the disappearance of the centrally symmetric cylin-
B1
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f)c)
FIG. 40: A reconstruction of the structure of system (I.1) on
a part of the Fermi surface. The lower and upper bases of the
disappearing cylinder of closed trajectories and the extremal
trajectory arising on it (a-c). The lower and upper bases of
the appearing cylinder of closed trajectories and the extremal
trajectory arising on it (d-f). The “cylinder of zero height”
that appears at the moment of reconstruction (g).
ders of closed trajectories, we can indicate an effective
procedure for reversing the Gauss map and restoring the
inverse images γˆ1,2 on the Fermi surface along with the
direction of the normal to SF . As we could see above, for
sufficiently complex Fermi surfaces, the sets of directions
of B , corresponding to reconstructions of the structure
of system (I.1), form a fairly dense net at the angular
diagram, which corresponds to an equally dense net of
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FIG. 41: The domain on the sphere S2 , corresponding to the
existence of a certain cylinder of closed trajectories on the
Fermi surface (schematically).
inverse images γˆ1,2 on the Fermi surface. The curves
γˆ1,2 are formed by saddle singular points of the system
(I.1) and, therefore, always lie on a part of the Fermi sur-
face that has negative (Gaussian) curvature. It can be
noted here that, with a more general consideration, the
methods for reconstructing the Fermi surface, based on
the study of the presented special extremal trajectories,
are connected, first of all, with that part of the Fermi
surface where it has negative Gaussian curvature.
In a more general situation, when the experimental
design does not imply a separate measurement of the
length of the vector ξp , each curve γ , corresponding
to the disappearance of a centrally symmetric cylinder
of closed trajectories, gives us a (one-parameter) family
of lines passing through a given center of symmetry and
tangent to the Fermi surface. Each such family provides
important information about the Fermi surface (its part
having negative curvature), which is also convenient to
use to refine its shape.
In considering the formation and disappearance of cen-
trally symmetric cylinders of closed trajectories, we must,
of course, discuss also the following question. Consider-
ing centers of symmetry of a periodic dispersion relation
ǫ(p) , we can immediately say that there are always ac-
tually several such symmetry centers (nonequivalent to
each other) in the p - space. It is easy to see that in the
most general case it is possible to choose the Brillouin
zone (parallelepiped in p - space) so that such centers
are: the center of the parallelepiped, the centers of its
faces, the centers of its edges and its vertices (Fig. 45).
The centers of the opposite faces of the parallelepiped
are pairwise equivalent to each other, the centers of the
edges form 3 fours of equivalent centers, and all the ver-
tices of the parallelepiped represent one center after fac-
torization by the reciprocal lattice vectors. Thus, in the
general case, we always have 8 nonequivalent centers of
ξ
B
pξ
p
FIG. 42: The vector ξp connecting two singular points on a
special singular trajectory in the p - space.
symmetry in the p - space. In other words, we have
8 nonequivalent periodic families of centers of symme-
try that transform into each other when shifted by half-
integer reciprocal lattice vectors.
The presence of the central symmetry in a cylinder
of closed trajectories means that when reflected with re-
spect to any of the centers of symmetry, such a cylinder
transforms into an equivalent cylinder (shifted by a recip-
rocal lattice vector) in p - space. For each such cylinder
there is a unique point in p - space, the reflection with
respect to which takes the cylinder into itself. It is easy to
see that for the construction of the curves γˆ1,2 described
above, we need, among other things, to know which of
the periodic families of centers of symmetry this point
belongs to.
It can also be seen that the correspondence between
the centrally symmetric cylinders of closed trajectories
and their “own” centers of symmetry in the p - space
remains unchanged until any of these cylinders disap-
pears and, therefore, also applies to the definition of the
topological structure of the system (I.1) on the Fermi
surface. In addition, for any elementary reconstruction
of the structure of (I.1), the disappearance of one cen-
trally symmetric cylinder of closed trajectories also leads
to the appearance of a centrally symmetric cylinder of
closed trajectories with the same “own” center of symme-
try (also coinciding with the “own” center of symmetry
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ξp(B)
B s(B)
γ
FIG. 43: The direction of the vector ξp corresponding to a
given direction of B on a curve of the change of the structure
of system (I.1) on the Fermi surface.
.
γ^1
γ^2
ξp
FIG. 44: Two infinitely narrow bands on the Fermi surface
defined by the movement of the ends of the segment ξp when
the direction of B rotates along a curve of the change of the
structure of system (I.1).
of the corresponding “cylinder of zero height”). In partic-
ular, we can see that if for two directions of B :
1) it is possible to move from one direction to another
with a finite number of elementary reconstructions of the
structure of (I.1);
2) each of the appearing “cylinders of zero height” dur-
ing the motion corresponds to the appearance and disap-
pearance of only one cylinder of closed trajectories;
then the structure of the system (I.1) for such direc-
tions contains the same number of centrally symmetric
cylinders of closed trajectories with the same “own” cen-
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FIG. 45: Brillouin zone and symmetry centers of a dispersion
relation ǫ(p) in p - space.
ters of symmetry.
Thus, under the above conditions, connecting two di-
rections B1 and B2 by a suitable curve at the angu-
lar diagram, we can establish a correspondence between
the centrally symmetric cylinders of closed trajectories
that occur for both directions, matching the disappearing
cylinder the one that appears during each reconstruction.
In particular, in such a correspondence, we can indicate,
for example, the “own” symmetry centers of such cylin-
ders for the direction B2 , if they were known for the
direction B1 .
This circumstance may be convenient in the experi-
mental study of reconstructions of the structure of sys-
tem (I.1), since it allows one to obtain additional data
on cylinders of closed trajectories for the directions of
B , for which an independent study of the structure of
(I.1) can be difficult. In particular, if approximate in-
formation about the Fermi surface geometry is sufficient
to determine the topological structure of system (I.1) for
the direction B1 , then by observing the reconstructions
along the path connecting B1 and B2 , we can also ob-
tain the necessary data for the direction B2 , where such
information is not sufficient. This situation is actually
quite general, thus, the first case usually occurs in those
areas of the angle diagram where the net of directions of
B corresponding to the reconstructions of the structure
of (I.1) is not dense, and the second - in areas where such
a net is very dense. In this case, each of the cylinders of
closed trajectories can be associated with the correspond-
ing contribution in the overall picture of oscillations, and
we can continue this matching from the direction B1
to B2 , associating in reconstructions the arising cylin-
der with a new oscillation term. This matching allows,
in particular, to indicate the “own” center of symmetry
of a centrally symmetric cylinder corresponding to any
oscillation term observed at the direction B2 .
We note again that we represent the general picture of
oscillations when observing oscillations of various types
as the sum of a finite number of oscillating terms corre-
sponding to extremal trajectories on the Fermi surface.
As we noted above, the main feature in the behavior of
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such oscillations for us is a sharp change in the overall
picture with a change in the topological structure of (I.1),
which allows us to observe the net of directions of B on
S
2 , corresponding to changes in this structure. More
precisely, as we have already said, a change in the oscil-
lation picture during each “elementary” reconstruction of
the system (I.1) consists in the disappearance of one of
the oscillation terms in the total sum of oscillations and
its replacement by another one (or simply the disappear-
ance of one of the oscillation terms at the boundary of a
Stability Zone).
It can be noted here again that, as we have already
said, reconstructions containing “cylinders of zero height”
corresponding to the disappearance and appearance of
pairs of cylinders of closed trajectories can appear only
in special cases on rather complex Fermi surfaces. For
a large class of real Fermi surfaces, the above conditions
will actually be satisfied for any two directions of B ,
which can be connected by a path that does not intersect
the boundaries of the Stability Zones or segments of the
appearance of periodic trajectories.
Coming back to the reconstructions corresponding to
the disappearance and appearance of cylinders of closed
trajectories that do not have central symmetry, we can
immediately note that the number of such reconstruc-
tions at the angular diagram is rather small even for fairly
complex Fermi surfaces. The determination of the shape
of the corresponding curve γ at the angular diagram also
determines here the direction of the vector ξp(B) con-
necting two saddle singular points of the system (I.1).
In the p - space we have now two non-equivalent seg-
ments with the common direction ξp(B) , each of which
is tangent to the Fermi surface at two points. Thus, in
this case, we can say that we have a segment of a given
direction which is tangent to the Fermi surface at two
points that do not pass into each other upon reflection
(and also a segment symmetrical to it). Such data on the
Fermi surface look somewhat more complicated in com-
parison with the centrally symmetric case, however, we
can verify that they have the same information content
from the functional point of view.
We can still make a small remark regarding the recon-
structions, in which the disappearance (and appearance)
of a pair of cylinders of closed trajectories occurs (Fig.
39). If the Fermi surface is not ultra-complex, it is nat-
ural to assume that in such reconstruction we observe a
disappearance of a pair of cylinders with central symme-
try, and the appearance of a pair of cylinders that pass
into each other under the central reflection. From the ex-
perimental point of view, this reconstruction differs from
the others by the disappearance of two oscillation terms
in the total picture of oscillations and their replacement
by one term (in fact, two coinciding ones coming from
a pair of extremal trajectories that are symmetrical to
each other). In this situation, as in the case of the dis-
appearance of a single centrally symmetric cylinder, the
segment ξ(B) is unique and passes through one of the
symmetry centers in the p - space. The corresponding
center of symmetry coincides with the “own” center of
symmetry of the disappearing cylinders and the refine-
ment of the geometry of the Fermi surface can be carried
out in the same way as in the case of the disappearance
of one centrally symmetric cylinder.
Let us consider at the end of this chapter some aspects
of observing the cyclotron resonance phenomenon on the
special extremal trajectories, related to the peculiarities
of their geometry.
As is well known, electron trajectories in the x - space
have geometric properties that are somewhat similar to
the geometric properties of the trajectories of the system
(I.1) in the quasimomenta space. In particular, the pro-
jections of the trajectories in the x - space onto the plane
orthogonal to B are similar to the trajectories in the p -
space rotated by 90◦. The similarity coefficient between
the trajectories in the momentum space and their projec-
tions onto the plane orthogonal to B in the coordinate
space is equal to c/eB . In general, all the trajectories in
the x - space decrease in size with the growth of B , like
B−1 , without changing their geometric shape.
It is easy to see that the special trajectories we consider
correspond in the x - space to either closed trajectories
(in the presence of central symmetry) or spiral trajecto-
ries of a special shape (in the absence of central sym-
metry) that describe a constant drift along the magnetic
field (see e.g. Fig. 46). In both cases, one can note the
presence of almost vertical (parallel to B) sections due
to the presence of sections in p - space, close to singular
points of the system (I.1), at which the group velocity
is almost parallel to B and the speed of motion along
the trajectory is very small. Here we will consider the
observation of cyclotron resonance at B , parallel to the
surface of the sample, so we can see that when such areas
get into the skin layer (Fig. 55), the electrons can spend
quite a lot of time in the skin layer, while moving mainly
along the direction of B . One can immediately note,
therefore, that the amplitude of the absorption oscilla-
tions in the cyclotron resonance should in this situation
be maximal when the electric field in the incident wave
Ew is parallel to B . This, in particular, can serve as
one of the signs that distinguishes the situation under
consideration from the general one (getting into the skin
layer of an arbitrary part of the trajectory), when the
maximal absorption is observed when Ew ‖ vgr , where
the direction of vgr at the section falling into the skin
layer is different from the direction of B .
The situation where the “deceleration region” gets into
the skin layer can be typical, for example, when mea-
suring |ξx| (and with it |ξp|) by cutting off cyclotron
orbits (see [47]) or by a non-resonant size effect ([48]) for
the most common special extremal trajectories (Fig. 47).
We note here that such a method of measuring of |ξp| is
perhaps the most convenient, since, as we have already
said, the direction of ξx relative to the crystal lattice is
known for any point on the curve of the reconstruction
of the structure of (I.1), so that the thickness of the film
on which the extremal orbits are cut off can easily be
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FIG. 46: Trajectories in x - space corresponding to special
extremal trajectories of the system (I.1) in the presence (a)
and absence (b) of central symmetry.
ξx
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FIG. 47: Measuring of |ξx| by cutting off cyclotron orbits for
a special extremal trajectory of the most common geometry.
correlated with the value of |ξx| .
It can be noted here that the “deceleration regions”
on the trajectories in p - space can also manifest them-
selves in the case when an “ordinary” trajectory segment
gets into the skin layer in a cyclotron resonance situa-
tion. Namely, such sections can create narrow current
layers inside the sample with the direction of the current
along the magnetic field. Such current layers should arise
together with the layers corresponding to the points of
the trajectory at which the group velocity is parallel to
the sample boundary, differing from them in the direc-
tion and amplitude of the arising currents. Each special
extremal trajectory gives rise to two different current lay-
ers of the first type, corresponding to two saddle singu-
ξx
FIG. 48: Current layers of the first and second type generated
by special extremal trajectories inside the sample.
lar points present on the corresponding “cylinder of zero
height”. Like the layers of the second type, the layers
corresponding to the “deceleration regions” are parallel
to the boundary of the sample (Fig. 48). The distance
between two layers generated by two different “decelera-
tion regions”, as is easily seen, is equal to the length of
projection of the vector ξx on the normal to the sample
boundary.
It should also be noted here, in addition, that among
the types of special extremal trajectories given in the pre-
vious chapter, only a part allows the deceleration section
to enter the skin layer at the sample boundary, which is
due to the local geometry of such trajectories near special
points on the corresponding “zero-height cylinder”. Let
us list these types here.
We begin here with the most basic type, corresponding
to the trajectory arising at the reconstruction shown at
Fig. 25 - 26 (Fig. 49). Trajectories of the same type
also arise during the reconstruction shown at Fig. 12,
the reconstruction shown at Fig. 35 (trajectory (c)), the
reconstruction shown at Fig. 39 (one of the trajectories
(f)), as well as near the boundaries of the Stability Zones
Ωα . As for the reconstruction shown at Fig. 25 - 26,
and for the reconstructions shown at Fig. 12, 35, and
Fig. 39, such trajectories occur only on one side from
the line of reconstruction of the structure of (I.1) (as well
as only on the inner side of a Stability Zone boundary).
It is easy to see that any of the “deceleration sections”
on the presented trajectory can enter the skin layer at a
suitable orientation of the crystal lattice of the sample.
Group velocities in two “deceleration regions” on such
trajectories are directed opposite to each other and, as
we have already said, in the overwhelming majority of
cases, trajectories of this type possess central symmetry.
In rare cases, however, such trajectories can also occur in
pairs, turning into each other under the transformation
of central symmetry. In the latter case, group velocities
at different “deceleration sections” can differ from each
other in absolute value.
Let us make one more remark here. Namely, the trajec-
tory shown at Fig. 49 has, in fact, to some extent an ideal
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FIG. 49: A special extremal trajectory of the most common
type.
FIG. 50: A special extremal trajectory of complex shape that
does not allow the “deceleration sections” to enter the skin
layer.
shape and can be significantly more complex geometri-
cally in some cases. In particular, despite the consistency
of the required situation (the “deceleration section” in the
skin layer) with the local trajectory geometry, this situa-
tion can still be prohibited by the global properties of the
trajectory (see for example, Fig. 50). It should be said
that in such cases the shape of such a trajectory changes
quite quickly when the direction of B moves along the
corresponding curve of the reconstruction of the structure
of system (I.1) at the angular diagram. The situation we
require then, as a rule, becomes possible not on the en-
tire curve γ , but only on certain sections of it. We also
note that the remark made will equally apply to the other
types of trajectories considered below.
The second type of special extremal trajectories that
allow the “deceleration section” to enter the skin layer
can include trajectories of similar shape, shown at Fig.
32(c) and 37(c) (Fig. 51). In both cases, trajectories of
this shape arise only on one side of the corresponding
reconstruction curve γ at the angular diagram. Both
cases, presented at Fig. 32 and 37, do not have central
symmetry, therefore, the corresponding reconstructions
can arise only in pairs and, in particular, each of the tra-
jectories shown at Fig. 32 (c) and 37 (c) always arise in
pair with a trajectory symmetric to it (located on a part
FIG. 51: A special extremal trajectory of the second type,
allowing the “deceleration section” to enter the skin layer.
of the Fermi surface symmetric to the one under consid-
eration). However, there is also a significant difference
between the trajectories shown at Fig. 32 (c) and 37 (c).
Namely, for the trajectory shown at Fig. 32 (c) the group
velocities vgr(p) at the two “deceleration sections” are
co-directional, while for the trajectory, shown at Fig. 37
(c), they are directed opposite to each other. The latter
circumstance, as is easily seen, should play a significant
role in considering the penetration of the “current layers”
(parallel to the boundary of the sample) into the sample
in our situation.
The third type of special extremal trajectories that al-
low the “deceleration section” to enter the skin layer can
be trajectories of similar shape, shown at Fig. 31 (f) and
38 (c) (Fig. 52). As in the previous case, in both cases
trajectories of this shape arise only on one side of the
corresponding reconstruction curve γ at the angular di-
agram. Both cases, presented at Fig. 31 and 38, do not
have central symmetry, so the corresponding reconstruc-
tions can occur only in pairs and, in particular, each of
the trajectories shown at Fig. 31 (f) and 38 (c) always
arise in pair with a trajectory symmetrical to it. Between
the trajectories shown at Fig. 31 (f) and 38 (c), as in the
previous case, there is a difference in the direction of the
group velocity at the “deceleration sections”. Thus, for
the trajectory shown at Fig. 31 (f), the group velocity at
the “deceleration section” falling into the skin layer is op-
posite in direction to the group velocity at the other two
“deceleration sections”, while for the trajectory, shown at
Fig. 38 (c), group velocities at all “deceleration sections”
are co-directed.
The next type of special extremal trajectories that al-
low the “deceleration section” to fall into the skin layer
can be the trajectories shown at Fig. 28 (c,f) and 36 (c)
(Fig. 53). In the case of the reconstruction shown at
Fig. 27, trajectories of this form arise on both sides of
the curve of reconstruction of the structure of (I.1). In
this case, however, the trajectories on one side of the re-
construction curve, generally speaking, are not identical
to the trajectories on the other side of the reconstruction
curve, therefore, the parameters of the corresponding os-
cillating terms change during the reconstruction of the
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FIG. 52: A special extremal trajectory of the third type, al-
lowing the “deceleration section” to enter the skin layer.
FIG. 53: A special extremal trajectory of the fourth type,
allowing the “deceleration section” to enter the skin layer.
structure of (I.1). For the reconstruction, shown at Fig.
36 (c), trajectories of this shape arise only on one side
of the corresponding reconstruction curve γ on the an-
gular diagram. Both cases, presented at Fig. 27 and 36,
do not have central symmetry, so the corresponding re-
constructions can occur only in pairs and, in particular,
each of the trajectories shown at Fig. 28 (c,f) and 36 (c)
always appears in pair with a symmetrical trajectory to
it. For all the presented trajectories, the group velocities
are co-directional to each other at all three “deceleration
sections” on the trajectory.
Finally, the last type of special extremal trajectories
that allow the “deceleration sections” to enter the skin
layer can be attributed to the trajectories shown at Fig.
39 (c) (Fig. 54). In the case of the reconstruction shown
at Fig. 39, trajectories of this shape arise only on one
side of the corresponding reconstruction curve γ on the
angular diagram. The case presented at Fig. 39 has cen-
tral symmetry and can occur on a single part of the Fermi
surface. The two trajectories shown at Fig. 39 (c), are
not connected to each other in the coordinate space and
appear independently of each other. The main feature of
the trajectories shown at Fig. 39(c) is that it is possi-
ble for them to place two “deceleration sections” at once
into the skin layer at the sample boundary. Observation
of cyclotron resonance in such a situation is, of course,
FIG. 54: A special extremal trajectory of the fifth type, al-
lowing two “deceleration sections” to enter the skin layer at
the boundary of the sample.
more complicated due to interference from the contribu-
tions originating from two boundary points. On each of
the trajectories presented at Fig. 39 (c), the group ve-
locities at the two “deceleration sections” are opposite to
each other.
As it is easy to see, except the trajectories shown
above, the other special extremal trajectories presented
at Fig. 26, 28, 31 - 40 do not allow “deceleration sections”
to fall into the skin layer due to the features of their local
geometry near these sections.
VI. SOME FEATURES OF THE OBSERVATION
OF OSCILLATION PHENOMENA ON SPECIAL
EXTREMAL TRAJECTORIES.
This chapter is, to some extent, technical and is de-
voted to the peculiarities of observing of oscillation phe-
nomena on the extremal trajectories described above.
Most of it will actually be devoted to considering the
features of observing cyclotron resonance when a “decel-
eration section” enters the skin layer near the surface of
the sample. Besides that, we will consider some general
features and limitations of observing the oscillation phe-
nomena at very small angles of deviation of the direction
of B from the boundaries of the reconstruction of the
structure of system (I.1).
We note here that different effects of the “decelera-
tion sections” on semiclassical trajectories on the oscil-
lation phenomena and, in particular, on the cyclotron
resonance phenomenon, were considered, of course, ear-
lier from different points of view. Let us also note that
the deceleration sections on the trajectories can arise not
only due to the presence of singular points of system (I.1)
on the Fermi surface, but also due to the presence of a
reconstruction of the constant-energy surface (Van Hoff
singularity) near the Fermi level (see e.g. [49]). It can be
noted here that the main difference between the two de-
scribed situations consists, apparently, in preserving the
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finite value of the component of vgr along the direction
of B in the first case and the proximity to zero of all
components of vgr in the second.
From the most general conditions, we note, first of all,
that all the phenomena considered by us can occur only
at rather big mean free path of an electron in a crystal.
In the purest single-crystal samples at low temperatures,
the mean free time of electrons reaches 10−9 − 10−8 c ,
and the corresponding mean free path l ≃ 10−1 cm . The
value of the skin layer depth δ for the incident wave
frequency ν ≃ 1010Hz , which is typical in a situation
of cyclotron resonance observation, can be estimated in
order of magnitude as 10−5 − 10−4 cm . In our situa-
tion, the resonant frequencies can, in fact, be lower than
the value of ν given here, since the period of circulation
along special extremal trajectories can be longer than
the period of circulation along “ordinary” closed trajec-
tories. The value of δ , however, is rather weakly de-
pendent on the frequency in the situation of anomalous
skin effect (δ ∼ ν−1/3), therefore we will also use here
the estimate δ ≃ 10−5 − 10−4 cm . The size of a special
extremal trajectory in the x - space (its projection onto
the plane orthogonal to B) depends on the value of B.
For the values B ≃ 1T l for electrons in different met-
als we can take the estimate rB ≃ 10−3 − 10−2 cm and
rB ≃ 10−4 − 10−3 cm for B ≃ 10T l .
As we have already said, we will be particularly in-
terested in the case where the “deceleration section” on
a special extremal trajectory falls into the skin layer at
the boundary of the sample. For simplicity, we will as-
sume here that the extremal trajectories have the most
common centrally symmetric shape, shown at Fig. 49.
As is well known ([50, 51]), the main role in the phe-
nomenon of classical cyclotron resonance is played by the
accumulation of energy by electrons in the skin layer and
the synchronization of the incident radiation frequency
with an integer multiple of the frequency of the elec-
tron circulation along extremal closed trajectories on the
Fermi surface. As a rule, it is assumed that electron
spends a rather small part of the time in the skin layer
and manages to return to the skin layer many times be-
tween two scattering acts. In a standard situation, the
fraction of time spent by an electron in the skin layer can
be estimated as
√
δ/rB , where δ is the depth of the skin
layer, and the number of electron returns to the skin layer
varies from several tens to several hundred. It is usually
assumed that the phase of the incident wave remains al-
most unchanged during the time spent by electron in the
skin layer for relatively small n in the relation Ω = nωB ,
where Ω is the frequency of the incident radiation. In
the purest samples, cyclotron resonance can be observed
up to rather large values of n , reaching several tens.
It can be seen that the conditions of observing the
cyclotron resonance when a “deceleration section” enters
the skin layer can, in fact, differ from the above. We
should therefore consider the corresponding situation in
more detail here.
For our purposes, we will need to reproduce the (stan-
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FIG. 55: Extremal trajectory in p - space and the corre-
sponding trajectory in x - space passing through the skin
layer at the surface of the sample (projection onto the plane
orthogonal to B).
dard) consideration of the shape of special extremal tra-
jectories and the motion along them at the “deceleration
sections”.
In our considerations, we will always assume that the
axis z is directed along the magnetic field. In addition,
we choose the axes x and y parallel to the directions
of the principle curvatures at the currently considered
saddle singular point close to the special trajectory on
the “disappearing” cylinder of closed trajectories. For
simplicity, we will also assume here that the boundary of
the sample coincides with the plane xz (Fig. 55).
In general, the shape of a trajectory near a critical
point in the p - space is given by the equation
1
2
(
K1 (∆px)
2 − K2 (∆py)2
)
= ∆pz , (VI.1)
where K1 and K2 are the values of the principal curva-
tures of the Fermi surface at the critical point. The value
of ∆pz is directly related to the angle of deviation of B
from the boundary of the reconstruction of the structure
of system (I.1), since
∆pz = α |ξp|/2 (0 < α≪ 1)
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Thus, we can write
K1 (∆px)
2 − K2 (∆py)2 = α |ξp| (VI.2)
In coordinate space directly from the equation (VI.2)
follows the equation
K1 (∆y)
2 − K2 (∆x)2 = c
2
e2B2
α|ξp| = c
eB
α|ξx|
for the projection of a special extremal trajectory onto
the plane orthogonal to B. In particular, for ∆x = 0
we get
∆y =
c
eB
√
α|ξp|
K1
for the distance from the trajectory to the intersection
point of the asymptotes of the hyperbola.
By entering the notation rB = cpF /eB , the condi-
tions ∆y ≤ δ and ∆y ≥ δ can be written as
1
pF
√
α|ξp|
K1
≤ δ
rB
and
1
pF
√
α|ξp|
K1
≥ δ
rB
Assuming approximately |ξp| ≃ pF and K1 ≃ p−1F ,
the above conditions can also be written as
√
α ≤ δ/rB and
√
α ≥ δ/rB
The projection of the group velocity onto the plane
orthogonal to B can be approximately written near the
singular point as
v⊥ ≃ v0gr
√
K21 (∆px)
2 + K22 (∆py)
2 ,
where v0gr is the group velocity at the singular point.
Thus, on the trajectory we can, using (VI.1), write near
the singular point
v⊥ ≃ v0gr
√
(K1K2 +K22 ) (∆py)
2 + αK1|ξp| ,
and the velocity of passing the trajectory in p - space is
respectively
eB
c
v0gr
√
(K1K2 +K22 ) (∆py)
2 + αK1|ξp|
The trajectory length element in the p - space can be
written in the form
dlp =
√
(dpx)2 + (dpy)2 =
= dpy
√(
K2∆py
K1∆px
)2
+ 1 =
= dpy
√
(K1K2 +K22) (∆py)
2 + αK1|ξp|√
K1K2 (∆py)2 + αK1|ξp|
Thus, the time of passing the section dlp is equal to
dt =
c
eBv0gr
dpy√
K1K2 (∆py)2 + αK1|ξp|
The total time of increasing of the circulation period
along a special extremal trajectory due to the presence
of the “deceleration section” can be (somewhat formally)
estimated as
T1 ≃ c
eBv0gr
∫ ∆py=pF
∆py=−pF
dpy√
K1K2(∆py)2 + αK1|ξp|
=
=
c
eBv0gr
1√
K1K2
ln
(√
α |ξp|+K2 p2F +
√
K2 pF√
α |ξp|+K2 p2F −
√
K2 pF
)
In general, we have
c
eBv0gr
∫ ∆py=P
∆py=−P
dpy√
K1K2(∆py)2 + αK1|ξp|
=
(VI.3)
=
c
eBv0gr
1√
K1K2
ln
(√
α |ξp|+K2 P 2 +
√
K2 P√
α |ξp|+K2 P 2 −
√
K2 P
)
In the limit
K2 p
2
F
α |ξp| ≫ 1
or just
α≪ 1
we can write
T1 ≃ c
eBv0gr
1√
K1K2
ln
4K2 p
2
F
α |ξp|
It is easy to see that in the centrally symmetric case
we are considering, the time T1 should actually be dou-
bled due to the presence of two identical “deceleration
sections” on the extremal trajectory. Here we can also
see that for any definition of T1 , the total period of cir-
culation along the trajectory under consideration grows
linearly in ln 1/α with decreasing α with the coefficient
2c/eBv0gr
√
K1K2 . This circumstance can be used, in
particular, to determine the value of vgr
√
K1K2 at the
corresponding limit singular points of (I.1), i.e. on the
curves γˆ1,2 .
For the principle curvatures here, as above, we can use
the estimates K1 ≃ K2 ≃ p−1F and write the estimate
T1 ≃ c pF
eB v0gr
ln
4pF
α |ξp|
As for the value of |ξp| , it can be of the order of pF
(for the simplest trajectories) or several times larger (or
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an order of magnitude). For a rough estimate of the time
T1 , we can use the relation
T1 ≃ rB
vF
ln
1
α
For very small values of α the doubled time T1 can
be considered approximately equal to the period of cir-
culation along a special extremal trajectory (if it exceeds
the time T0 ≃ 2πrB/vF or is comparable with it).
To estimate the time spent by electrons in the skin
layer, note that the corresponding section of the trajec-
tory in p - space corresponds to the values of ∆px , sat-
isfying the relation√
α |ξp|
K1
≤ ∆px ≤
√
α |ξp|
K1
+
δ
rB
pF
Substituting the second value in the equation (VI.2),
we get the relation for the boundary values of ∆py
K2 (∆py)
2 = 2
√
K1 α |ξp| δ
rB
pF + K1
δ2
r2B
p2F
Substituting the found values into the integral (VI.3),
we will thus find the time T2 spent by an electron in the
skin layer. Here, however, we will not present these calcu-
lations in a general form, but consider only two limiting
cases:√
α |ξp|
K1
≪ δ
rB
pF and
√
α |ξp|
K1
≫ δ
rB
pF
or, in a rough approximation:
√
α ≪ δ/rB and
√
α ≫ δ/rB
In the first case, we can write
∆py = ±
√
K1
K2
δ
rB
pF
and write the corresponding value for T2 in the form
T2 ≃ c
eBv0gr
1√
K1K2
×
× ln
(√
α |ξp|+K1 δ2 p2F /r2B +
√
K1 δ pF /rB√
α |ξp|+K1 δ2 p2F /r2B −
√
K1 δ pF /rB
)
Using the same assumption, we can now write also
T2 ≃ c
eBv0gr
1√
K1K2
ln
4K1 p
2
F δ
2
α |ξp| r2B
We can see that the ratio of times T2/T1 in this case
is equal to(
ln
4K1 p
2
F
α |ξp| − ln
r2B
δ2
)/
ln
4K1 p
2
F
α |ξp|
and under our assumption is close to unity. It can be
noted that the same ratio in the case of getting of a
“normal part” of a trajectory into the skin layer is of
the order of
√
δ/rB and represents a small value. As a
consequence of this, the amplitude of oscillations in the
absorption of the incident radiation can be noticeably
higher here in comparison with the “ordinary” case. It
should also be noted that the condition
α |ξp|
4K1 p2F
≪ δ
2
r2B
is actually quite strong and can be observed only in suf-
ficiently strong magnetic fields and at very small angles
α. Thus, using again rough estimates for K1 and |ξp| ,
this condition can be written as α ≪ δ2/r2B . We can
see that this condition in reality implies the relations
δ/rB ≃ 10−1 (strong magnetic fields B ≃ 10T l) and
α ≤ 10−3 .
As for the opposite limit√
α |ξp|
K1
≫ δ
rB
pF
(but, as before, α ≪ 1), it is, on the contrary, observed
at not very strong magnetic fields. Here, as above, we
can write the relation for rough estimation
√
α ≫ δ/rB
For example, for the values of B of order of 1T l we can
take δ/rB ≃ 10−2 and the required condition is satisfied
for α ≥ 10−3. For B ≃ 10T l we have the relation
δ/rB ≃ 10−1 and then we should assume α≫ 10−2.
Let us also use a rough estimate for the values ∆py ,
bounding the region corresponding to the stay of the elec-
tron in the skin layer
∆py = pF
√√
α δ/rB
After substituting these values into the integration lim-
its in (VI.3), we get
T2 ≃ c
eBv0gr
1√
K1K2
×
× ln
(√
1 + δ/(rB
√
α) +
√
δ/(rB
√
α)√
1 + δ/(rB
√
α) −
√
δ/(rB
√
α)
)
≃
≃ 2c
eBv0gr
1√
K1K2
√
δ/(rB
√
α) ≃ 2rB
vF
√
δ/(rB
√
α)
Note that the time ratio T2/T here is formally larger
than
√
δ/rB for α ≪ 1 . However, substituting the
above real values of α for this limit, we can see in fact
that the value of 1/ 4
√
α is not very large. It can be seen,
therefore, that in the case under consideration, this ratio
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is of the order of the same ratio for the case when an
“ordinary” section of an extremal trajectory enters the
skin layer. In fact, this is not a contradiction, because,
although the section under consideration is a “deceler-
ation section”, the curvature of the trajectory on it is
much larger than the curvature on “ordinary” sections.
Thus, in the limit we are considering, we should expect
approximately the same amplitude of oscillations in the
absorption of the incident radiation compared with the
cyclotron resonance in the “standard” situation.
In general, we can see that when the “deceleration sec-
tion” hits the skin layer, the behavior of the amplitude of
oscillations of absorbtion of the incident radiation differs
noticeably from its behavior in the “usual” situation. In
particular, the amplitude of the absorption oscillations
can be of the order of the same amplitude in the “stan-
dard” case when the direction of B is not too close to the
boundary of the reconstruction of the structure of system
(I.1). With more precise approximation of the direction
of B to the boundary of reconstruction of the structure
of (I.1), the amplitude of the oscillations increases and
at very small α and in sufficiently strong magnetic fields
can noticeably exceed the amplitude of such oscillations
in the “standard” case.
It can also be seen that, for the same reasons, the in-
tensity of the current layers, corresponding to the “decel-
eration sections”, inside the sample (when the “normal”
section of the trajectory enters the skin layer (Fig. 48))
should not be very large for not very precise approach
of the direction of B to the boundary of the reconstruc-
tion of the structure of system (I.1) and should increase
markedly with a more precise approach of the direction
of B to this boundary. In particular, their intensity
should be comparable with the intensity of the current
layers corresponding to the sections at which the group
velocity is parallel to the sample boundary, in the limit√
α ≫ δ/rB , and can noticeably exceed it in the limit√
α≪ δ/rB .
Here, however, we need to make a few more remarks
about the amplitude of oscillations at a very close ap-
proximation of the direction of B to a boundary of the
reconstruction of the structure of system (I.1).
First, as we said above, in this approximation the
height of the corresponding cylinder of closed trajecto-
ries becomes very small. Due to this circumstance, the
measure of trajectories near the special extremal trajec-
tory, contributing to the corresponding oscillation term,
can also decrease. This effect, as we see, is opposite to
the effect described above, so that, possibly, as a result,
the amplitude of the corresponding oscillation term may
not significantly exceed its amplitude in the “standard”
situation. The exact picture of the behavior of the cor-
responding oscillation amplitude depends, in fact, on the
features of the geometry of the Fermi surface near the
special extremal trajectory and on the experimental con-
ditions.
Another distinctive feature in observing the cyclotron
resonance when a “deceleration section” enters the skin
layer is that, at very small α , the decreasing of the ampli-
tude of the observed oscillations with increasing number
n = TΩ/2π = Tν here should be much faster com-
pared to the case of “ordinary” extremal closed trajec-
tories. The reason for this is that, due to the long time
spent by electron in the skin layer, n cannot be too large,
otherwise the field Ew can become oscillating already
at the time of the electron’s presence in the skin layer,
which significantly reduces the efficiency of energy ac-
cumulation during this time. As we saw above, in the
limit of the extreme proximity of the singular points of
system (I.1) to the trajectories under consideration, the
time spent by the electron in the skin layer can become
comparable with the period T of circulation along the
entire trajectory. In this situation, only a few peaks of
oscillations of rapidly decreasing amplitude are likely to
have a relatively large value. (For comparison, it can
be noted here that for cyclotron resonance on ordinary
trajectories, the number of observed peaks in similar os-
cillating terms can reach several tens). A sharp decrease
in the number of observed peaks in the absorption am-
plitude can also serve as an indication of the approach of
the direction of B to the boundary of the reconstruction
of the topological structure of system (I.1).
Finally, let us make one more remark here. Accord-
ing to the general idea of this paper, it is obvious that
we would like to study oscillation phenomena as close as
possible to the “net” of directions of B , corresponding
to the reconstructions of the structure of (I.1). As for
the restrictions on the approximation of the direction of
B to the curve of a reconstruction of the structure of
(I.1) while maintaining the observation conditions for os-
cillation phenomena on special extremal trajectories, we
can immediately distinguish two such restrictions. The
first can be attributed to an increase in the period T
of circulation along extremal trajectories, while the ob-
servation of the oscillation phenomena requires the con-
dition τ/T ≫ 1 . As we noted above, this condition is
not really too restrictive, since the growth of T is rather
slow (logarithmic) when approaching the boundary of a
reconstruction.
The second limitation can be attributed to the phe-
nomenon of magnetic breakdown between two close sec-
tions of trajectories close to a singular one, as the direc-
tion of B approaches the boundary of the reconstruction
of system (I.1) (Fig. 56).
Here we will also not consider in detail the theory of
magnetic breakdown, which leads to many different ef-
fects for various trajectories of the system (I.1) (see e.g.
[1–3, 52–56]). In our case, it is obvious that the “sim-
ple” picture of oscillation phenomena that we assume on
special extremal trajectories should arise in a situation
where the probability of magnetic breakdown is close to
zero. In our situation we are dealing with the intraband
magnetic breakdown, the probability of which becomes
significant when the height of the classical potential bar-
rier between close sections of the trajectory approaches
the value µBB . The height of the classical potential bar-
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FIG. 56: The phenomenon of magnetic breakdown between
two “deceleration sections” on trajectories approaching singu-
lar ones.
rier is directly related to the angle α and, as it is not
difficult to see, can be estimated as
∆ǫ ≃ v0gr
α|ξp|
2
≃ vF α|ξp|
2
≃ αǫF
2
|ξp|
pF
,
such that
∆ǫ
µBB
≃ ǫF
µBB
α
2
|ξp|
pF
In the roughest approximation, we can actually write
∆ǫ
µBB
≃ ǫF
µBB
α
Taking the values µB ≃ 5.8 · 10−5 eV/T l and ǫF ≃
5 eV , we can see that
∆ǫ
µBB
≃ 105 α at B ≃ 1T l
and
∆ǫ
µBB
≃ 104 α at B ≃ 10T l
Thus, we can see that the “simple” picture of oscilla-
tion phenomena (classical or quantum) is limited by the
values α ≥ 10−5 at B ≃ 1T l and α ≥ 10−4 at
B ≃ 10T l . In particular, one may ask about the possi-
bility of observing such a picture in the above limit
√
α|ξp|
K1
≪ δ
rB
pF or
√
α ≪ δ/rB
in the case of the cyclotron resonance.
Going back to the previous estimates δ/rB ≃ 10−1
(B ≃ 10T l) and α ≤ 10−3 for such a situation, it can be
seen that this limit, in fact, may have certain restrictions
due to the magnetic breakdown.
VII. CONCLUSIONS
The paper considers issues related to reconstructions of
the topological structure of a dynamical system that de-
scribes the semiclassical motion of electrons on complex
Fermi surfaces in the presence of an external magnetic
field. In particular, the paper lists all types of elemen-
tary reconstructions of the structure of this system and
describes special closed extremal trajectories, the appear-
ance of which always accompanies such reconstructions.
It is shown that the oscillation phenomena corresponding
to the appearance of such trajectories may have certain
special features. The study of oscillation phenomena as-
sociated with special extremal trajectories can be a useful
tool for the study of electronic spectra in metals.
The study was carried out at the expense of a grant
from the Russian Science Foundation (project № 18-11-
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